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Quantum Monte Carlo (QMC) simulations are performed to study ground-state properties of a mixed
spin-1 and spin-1/2 Lieb-lattice Heisenberg antiferromagnet, in order to get further insight beyond the
modified spin-wave (MSW) study reported in [J. Phys. Soc. Jpn 86, 014002 (2017)]. It is confirmed that
the MSW results are in good agreement with the QMC results. In particular, the scaling relation found in the
MSW study, which argues that sublattice spin reductions are inversely proportional to the sublattice sizes,
is observed in our QMC simulation. We present a rigorous proof for spontaneous sublattice magnetizations
induced by an infinitesimal uniform magnetic field. The calculation process in the MSW theory is reexamined
to clarify the mathematical structure behind the scaling relation for sublattice long-range orders.
The exploration of the quantum and frustration effects
in spin systems is one of the most fascinating issues in
condensed matter physics.1) Recently, significant interest
has been paid to spin-1/2 frustrated Heisenberg antifer-
romagnets on a diamond-like-decorated square lattice2, 3)
because of a possible relevance to the Rokhsar−Kivelson
quantum dimer model.4)
For a diamond-like-decorated square lattice, if we de-
fine the interaction strength of four sides of a diamond
unit as J and that of the diagonal bond as J ′ = λJ ,
the ratio λ determines the ground-state properties.3) For
λc < λ < 2, the ground state manifold consists of macro-
scopically degenerated tetramer-dimer states (see Fig. 3
(a) in Ref. 3), which is equivalent to the dimer covering
of the square lattice.2, 3, 5) For λ < λc, we obtain the fer-
rimagnetic ground state as shown in Fig. 3 (c) in Ref. 3,
which is identical to a mixed spin system on the Lieb
lattice in Fig. 1. We define a mixed spin Hamiltonian on
the Lieb lattice as follows,
H =
∑
i∈A
∑
j∈B
Ji,jSi · Sj, (1)
where Ji,j = 1 for nearest-neighbor pairs, otherwise
Ji,j = 0, S
2
i = SA(SA + 1) for A-sublattice sites i
(closed circles in Fig. 1), and S2j = SB(SB + 1) for B-
sublattice sites j (closed triangles). The above-mentioned
ferrimagnetic ground state corresponds to the case of
(SA, SB) = (1/2, 1). In our previous study, by using
the modified spin-wave (MSW) method, we calculated
the ferrimagnetic ground-state energy and obtained the
phase boundary λc = 0.974.
3)
First, in order to confirm the accuracy of the MSW re-
sults obtained in Ref. 3, such as λc = 0.974, we calculate
the ferrimagnetic ground-state energy and long-range or-
SA
SB
SB
Fig. 1. Structure of a Lieb lattice, whose unit cell consists of
three sites. The closed circles and triangles represent A- and B-
sublattice sites, respectively. The Marshall–Lieb–Mattis theorem
ensures a ferrimagnetic ground state for (SA,SB)=(1/2, 1) and a
singlet ground state for (SA,SB)=(1, 1/2).
der (LRO) parameters using the quantum Monte Carlo
(QMC) method6) to compare them with the MSW re-
sults.
In Table I, we show the ground-state energy per
site eg and the staggered magnetization ms for the
(SA, SB) = (1/2, 1) system obtained using the QMC
and MSW methods. For comparison, we show eg and
ms for a spin-1/2 square-lattice antiferromagnet.
7, 8) In
our QMC simulation, we calculate the structure factors
Stot(N, T ) = 1/N
∑
i,j(−1)
|i−j|〈Si · Sj〉, where N is the
total number of sites and 〈· · · 〉 represents the thermal av-
erage at temperature T . The staggered magnetizationms
is obtained from m2s = limN→∞ limT→0 Stot(N, T )/N .
For the definition of L2 ≡ N/3, we use three points
L = 16, 24, 32 to make linear extrapolation with respect
to L−1 (L−3) for Stot/N (ground-state energy per site).
9)
1
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We set the temperature as T = 0.001 in the unit of the
exchange parameter in Eq. (1), which can be regarded as
absolute zero temperature in the system sizes we use.
In Table I, the numbers in parentheses next to the
MSW results of eg represent the relative error with re-
spect to the QMC results. Furthermore, the numbers in
parentheses next to ms represent the ratio of ms to that
of the classical vector model. As for the staggered mag-
netizations ms, in the case of the Lieb lattice, the ratios
are approximately 92%, while in the case of a square-
lattice antiferromagnet, those are approximately 61%.
We expect that a larger magnetization, i.e., a smaller
spin deviation, makes spin-wave calculation more reli-
able. The relative error of the ground-state energy on the
Lieb lattice, 0.024%, is smaller than that of the square-
lattice antiferromagnet, 0.21%, by one order of magni-
tude. The fact that the Lieb-lattice result is more accu-
rate than the square-lattice result is consistent with the
above-mentioned expectation from the staggered mag-
netizations. Furthermore, we obtain the phase bound-
ary between the macroscopically degenerated tetramer-
dimer states and the ferrimagnetic ground state on a
diamond-like-decorated square lattice,3) λQMCc = 0.9739
and λMSWc = 0.9743, which show a good agreement
within three digits after the decimal point.
Table I. Ground-state energy per site eg and staggered magne-
tization ms, of the (SA, SB) = (1/2, 1) Lieb-lattice and spin-1/2
square-lattice antiferromagnets obtained using the MSW and QMC
methods. The results of a spin-1/2 square-lattice antiferromagnet
are cited from Refs. 7 and 8.
lattice QMC MSW
eg Lieb −0.820275(4) −0.82047 [0.024%]
square −0.6690(2) −0.67042 [0.21%]
ms Lieb 0.7650(3) [91.80%] 0.76557 [91.87%]
square 0.307(6) [61.40%] 0.3034 [60.68%]
Next, we consider the sublattice LRO parameters
m
(SA)
A for A-sublattice and m
(SB)
B for B-sublattice. In
our previous MSW study, we found ∆m
(1/2)
A = 2∆m
(1)
B ,
where ∆m
(Sα)
α ≡ Sα − m
(Sα)
α (α = A,B) denotes the
spin reduction, and pointed out that the factor 2 comes
from the ratio of the sublattice sizes.3) In other words,
there exists a scaling relation that the spin reduction of
each sublattice is inversely proportional to the number
of sublattice sites.3) Now, we turn to checking whether
the scaling relation holds in the QMC calculations. By
denoting the numbers of A- and B-sublattice sites as
NA(= N/3) and NB(= 2N/3), we introduce structure
factors SA = 1/NA
∑
i,j∈A〈Si · Sj〉 for A-sublattice and
SB = 1/NB
∑
i,j∈B〈Si·Sj〉 for B-sublattice. Thus, we can
obtain the sublattice magnetizations from {m
(Sα)
α }2 =
limNα→∞ limT→0 Sα/Nα (α = A, B). We present the
calculated results in Table II and obtain ∆m
(1/2)
A =
0.1031(4) and ∆m
(1)
B = 0.0514(3), which indicates that
the relation ∆m
(1/2)
A = 2∆m
(1)
B holds in the range of
the statistical error. Therefore, our QMC simulation con-
firms the scaling relation.
Table II. Sublattice LRO parameters m
(1/2)
A and m
(1)
B for the
(SA, SB) = (1/2, 1) system.
QMC MSW
m
(1/2)
A 0.3969(4) 0.39835
m
(1)
B 0.9486(3) 0.94918
Now, we turn to the mathematical proof of the scaling
relation. From the Marshall–Lieb–Mattis theorem, the
total spin of the ground states of Eq. (1) is Stot = NBSB−
NASA, where NASA < NBSB is assumed. If we apply
a small uniform magnetic field in the z direction, the
magnetic field selects a unique ground state, in which
the total Sz is given by Sztot = NBSB − NASA > 0. By
defining the spin reduction operators via Szi = −(SA −
∆Szi ) for i ∈ A and S
z
j = SB −∆S
z
j for j ∈ B, we have∑
i∈A∆S
z
i =
∑
j∈B∆S
z
j in the sector the unique ground
state belongs to. Then, we take the thermal average of
this equation to get
NA∆m
(SA)
A = NB∆m
(SB)
B , (2)
which indicates that the spin reduction in each sublattice
is inversely proportional to the sublattice size. By setting
SA = 1/2 and SB = 1 and using NB/NA = 2 for the
Lieb lattice, we obtain the expected formula ∆m
(1/2)
A =
2∆m
(1)
B .
We note that the ground state is uniquely determined
to be a singlet state when NASA = NBSB. Because there
exist no spin polarizations, m
(Sα)
α = Sα − ∆m
(Sα)
α = 0
(α = A, B), in the singlet ground state, we notice
that Eq. (2) is trivially satisfied and gives no addi-
tional information. We have to apply a staggered mag-
netic field instead of a uniform field or look into the
LROs to get meaningful sublattice magnetizations. In
order to study this issue, we consider another case of
(SA, SB) = (1, 1/2), which gives NASA = NBSB, and
carry out the MSW and QMC calculations. In Table III,
we show the ground-state energy eg, staggered magne-
tization ms, and sublattice LRO parameters m
(1)
A and
m
(1/2)
B . First, by considering the relative error of eg and
ratio of ms to that of the classical vector model, we find
that the accuracy of the case (SA, SB) = (1, 1/2) is com-
parable to that of the spin-1/2 square-lattice antiferro-
magnet. We find from Table III that
∆m
(1)
A
∆m
(1/2)
B
=
{
0.3782(6)
0.1890(3) = 2.001(6) (QMC)
0.40917
0.20459 = 2 (MSW)
, (3)
2
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and thus the scaling relation ∆m
(1)
A = 2∆m
(1/2)
B is con-
firmed. In the MSW theory, the scaling relation holds
exactly in analytical expressions. The result in Eq. (3) in-
dicates that the above-mentioned proof for spontaneous
magnetizations is insufficient, and it is desired to find a
proof with respect to the LROs and/or to introduce a
staggered magnetic field.
Table III. Calculated results for the (SA, SB) = (1, 1/2) system
with the singlet ground state.
QMC MSW
eg −0.89581(1) −0.89902 [0.36%]
ms 0.4145(4) [62.18%] 0.39389 [59.08%]
m
(1)
A 0.6218(6) 0.59083
m
(1/2)
B 0.3110(3) 0.29541
For the ground states of the Hamiltonian in Eq. (1),
the Marshall–Lieb–Mattis theorem gives
S
2
tot = (NASA −NBSB)(NASA −NBSB + 1). (4)
However, if a small staggered magnetic field is applied,
then the total spin is not conserved. In this case, we
have to deal with the following ground-state expectation
value,
〈S2tot〉g =
∑
i,j
〈Si · Sj〉g ≡ aN
2 +O(N). (5)
In the MSW theory, it is known that the Dyson–
Maleev transformation is implicitly accompanied with
a symmetry-breaking field and breaks the conservation
of the total spin. It is very instructive to examine the
mathematical structure behind the scaling relation in the
MSW theory. Therefore, within the MSW theory, we in-
tend to calculate
a = lim
N→∞
1
N2
∑
i,j
〈Si · Sj〉g. (6)
This coefficient relates to the LROs. The sublattice mag-
netizations, mA and mB, are defined by
lim
|i−j|→∞
〈Si · Sj〉g =
{
m2A (i, j ∈ A)
m2B (i, j ∈ B)
. (7)
In addition, the MSW calculation yields
lim
|i−j|→∞
〈Si · Sj〉g = −mAmB (i ∈ A, j ∈ B or v.v.),
(8)
which is shown in our previous paper.3) By evaluating
the right-hand side of Eq. (6), we obtain
a =
N2Am
2
A +N
2
Bm
2
B − 2NANBmAmB
N2
=
(
NAmA −NBmB
NA +NB
)2
, (9)
because of large distances between sites i and j in almost
all terms in the summation. In the MSW theory, we have
the scaling relation of the spin reductions,
NA(SA −mA) = NB(SB −mB). (10)
By substituting Eq. (10) into Eq. (9), we get
a =
(
NASA −NBSB
NA +NB
)2
, (11)
which is the same as that obtained using the Marshall–
Lieb–Mattis theorem.
By reviewing the discussion above based on the MSW
theory, we notice that Eqs. (8) and (11) are sufficient
conditions for the scaling relation (10). In association
with Eq. (11), we expect
〈S2tot〉g = (NASA −NBSB)
2
+[field-dependent O(N) terms], (12)
even if a symmetry-breaking field prevents the appli-
cation of the Marshall–Lieb–Mattis theorem. In a sys-
tem with a ferrimagnetic ground state, both uniform and
staggered magnetic fields can lead to the appearance of
spontaneous symmetry breaking, and it is naturally ex-
pected that the choice of a symmetry-breaking field af-
fects only theO(N) part. For the case ofNASA−NBSB =
0, where the Marshall–Lieb–Mattis theorem predicts a
singlet ground state, an infinitesimal staggered field leads
to 〈S2tot〉 6= 0 and makes a spontaneous staggered mag-
netization appear. A nonzero value of 〈S2tot〉 is expected
to come from the O(N) part. As for the relation in Eq.
(8), it might be trivial for a classical vector counterpart
of the Heisenberg model, but the mathematical proof for
the present quantum system is an open issue. If Eq. (8)
was proved, we would arrive at the mathematical proof of
the scaling relation concerned with the LROs. Our QMC
simulation shows that Eq. (8) holds within the statistical
error.
In summary, we calculated the ground-state energy
and LRO parameters of mixed spin-1 and spin-1/2 Lieb-
lattice antiferromagnets using the QMC method and
compared the obtained results with the MSW results.
Furthermore, we showed the scaling relation for the sub-
lattice spin-reductions, which can be proved by applying
a uniform field to cause spontaneous symmetry break-
ing. However, we found that the scaling relation holds
even in the singlet ground state, where uniform fields do
not give a spontaneous symmetry breaking. Therefore, in
the MSW theory, we discussed the scaling relation for the
LRO parameters and found that, if Eq. (8) was proved,
we would arrive at the mathematical proof of the scal-
ing relation for the LRO parameters including the singlet
ground state.
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